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Abstract

This paper presents the analysis of the natural convection process that takes
place near a vertical plane wall embedded in a constant temperature and
linearly mass stratified fluid (the Prandtl number and the Smith number are
smaller than 1.0, while the Lewis number is greater than 1.0). The wall has a
constant temperature, while the flux of a certain constituent is constant at this
boundary. The scale analysis and the finite differences method are used as
techniques of work. The scale analysis proves the existence, at equilibrium, of
heat and/or mass driven convection regimes along the wall. The finite
differences method is used solve the governing equations and to verify the
scale analysis results using two particular parameters sets.

Keywords: natural convection, constant mass flux, scale analysis, finite differences
method

1. Introduction

The analysis of the natural convection process along a vertical plane wall is a
classical problem that was taken into consideration along the past decades in
applications of a specific or general character (Armfield, Patterson & Lin, 2007; Lin,
Armfield & Patterson, 2008; Mongruel, Cloitre and Allain, 1996; Neagu, 2018, 2021;
Patterson, Lei, Armfield & Lin, 2009; Saha, Patterson and Lei, 2010; Saha, Brown &
Gu, 2012).

This research analysis refers to a vertical plane wall that have a constant
temperature and that registers a constant flux of a certain constituent at it. The
environment is air (Pr=0.72 in this paper) while the Lewis number is greater than
1.0 (Le>1) and the Smith number is smaller than 1.0 (Sch<1). The environment is
mass stratified, while its temperature is constant.
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The scale analysis is performed and the results are verified by solving the governing
equations using the finite differences method for two particular parameters sets:
Ra=5000, N=1, Le=1, Pr=0,72, S, =0.08 and Ra=5000, N=5, Le=2, Pr=0,72,

SC = 0.04 .

2. Mathematical Formulation

Figure 1 presents the vertical plane wall and the x-y system of co-ordinates
associated to it in dimensional (Fig. 1a) and in dimensionless (Fig. 1b)
representations.

The temperature at the wall is Ty, while the environment has a constant
temperature, T». The mass flux of a certain constituent, my, is constant at the wall,
while the environment registers a concentration of the constituent of

Copx =Co +Sc X.

X g
TW Too
m dC_/dx=s
W . o o]
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Le >1,Sch <1
0

(a) (b)

Fig. 1. (a) The dimensional problem; (b) the dimensionless problem.
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and the boundary conditions (Neagu, 2018):

u=v=0,T=TW,a—C=—1“W at y=0; (6)
oy

v=0,T=T,, C=C,, as y >x; (7)
v=0, T=T,, C=C,, at x=0; (8)
2 2 2 2 9
u_ov_T_FC Ly ©)

6X_2_ ox> - ox> B ox?

define the point of start of the scale analysis.
3. Scale Analysis

This analysis follows the same pattern used before in the scientific literature (Bejan
1995; Neagu, 2018, 2021) for a better correlation, comprehension of the research
characteristics and following the evolution of the natural convection regime that
develops along the boundary: the initial state (section 3.1), the heat driven convection
(HDC) regime (section 3.2) and the mass driven convection (MDC) regime (section
3.3).

3.1. The Initial State

Because this section is similar to the results of previous analysis, only the most
significant results will be mentioned here (Neagu, 2018):

the boundary layer thickness of the temperature field:

8 ~al/Z.t1/2; (10)

the boundary layer thickness of the concentration field:

8¢ ~DY % 12, (11)
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the heat driven convection regimes that exists at the beginning at each point along the

wall will be replaced by a mass driven convection regime only if the equilibrium time
of the regime is bigger than the transition time, ti:

f 12 _(NZD)*l; (12)

trz

the inequality s. >oC/dx, thatis valid at the beginning at each point of the wall, ceases
to be valid if the equilibrium time of the regime is bigger than t:

s (13)

t .
r,°D

S

3.2. The Heat Driven Convection Regime

If Pr<1 and Le>1, Saha, Patterson and Lei (2010) prove that the order of magnitude
of the vertical velocity is:

gB.t
1+Pr

AT (14)

vV~

Invoking the equilibrium between the horizontal diffusion and the vertical convection
of heat, the temperature equilibrium time, boundary layer thickness and vertical
velocity orders of magnitude are (Neagu, 2018):

(tonr) L2 [x(1+pr)]/? (15)
et o TRapr |
1/4 (16)
X(1+P
(Sech,T )T ~ L{%} H
v N[u]/ (17)
T 1+Pr '

a. Scale analysis of the concentration field in the HDC regime
b. In this case, the velocity order of magnitude for the concentration field is vr.
c. Two situations appear:

d. if in the left side of equation (5) v-6C/dx>v-s, then the equilibrium between the

horizontal diffusion of the constituent and the vertical convection of it gives us the
equilibrium time of the concentration field:

12
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ok ~ 12 {XPF(1+Pr)}1/2 (18)
h,C e e .
* D| Sch?-Ra

Further, using equation (11), the boundary layer thickness order of magnitude
becomes:

) - {XPr(1+Pr)} (19)
EChC Sch? -Ra '
The equilibrium time of the concentration field, (tech’C)T, is bigger than the
transition time, t,, if:

Sch? Ra (20)

X>X

trz,C =

N* Pr(1+Pr)

b. if, in equation (5), v-0C/dx<v-s., then the concentration equilibrium time and
boundary layer thickness are:

(tns) 12 Pr(1+Pr) (21)
ehSe/T D §2.5ch?-Ra-X
1/2
(5 ) L Pr(1+Pr) (22)
eehse )t T RaX.S2.Sch? |
C

The equilibrium time (tech”SC )T is compared to t,, and t,:

b1) the equilibrium time (tech‘_sC )T is bigger than the transition time, t,,,, if:
2 23
x>x, o =N Pr(1+Pr); (23)
' Sc?Sch”Ra
b2) the inequality (tech,sC )T <t is restricted to the following domain:
1/3
KXo Pr(1+Pr) (24)
“OT st sch? Ra|
1. The analysis of the results presented above reveals that there are only
two possibilities:
2. aHDCregime along the wall if X, <Xs1 <Xy, (figure 2 (a)) or
Ra-S, - Sch? (25)

ST >
Pr(1+Pr)-N3

13
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a HDC regime in the [O,XtrZ,CJ domain and a MDC regime in the lXtrz,C'Oo) domain (see
figure 2 (b)) if Ra-Sc-Sch?/|N®Pr(1+Pr)|<1.
3.3. The Mass Driven Convection Regime

The vertical velocity order of magnitude was derived by Lin, Armfield and Patterson
(2008):

0 HDC HDC ¢,
| |

(a) Ra-S¢-Sch2/N°Pr(1+Pr)|=1

0 HDC MDC MDC ,
\ \ \

Xtrz,C XS,C X

(b) Ra-S¢-Sch2/N®Pr(1+Pr)|<1

Fig. 2. The heat and mass driven natural convection regimes sequence. (a)
Ra-S¢ -Sch? /|N* Pr(1+Pr)[>1; (b) Ra-S -Sch? /|N? Pr{1+Pr)|<1.

v=gBl, DY/26¥2(1-fSch . (26)

3.3.1. MDCsc Regime.

In this case, the equilibrium between the horizontal diffusion and the vertical
2

. : o C r, .
convection of the constituent requires: v-s, ~ D[—ZJ Or v-s,~ DW. Replacing

v from equation (26), the concentration equilibrium time and the boundary layer
thickness are:
(teense ). ~12/D/[Ra NS¢ -Le-Sch(t —vseh || (27)

(Becnse ). ~L/[Ra-N-SC -Le-Sch(1_@)]l’4_ (28)

At equilibrium, the vertical velocity order of magnitude scales as:

Vi, ~[Ra-N-Sch-(1—J5c_h)/(Le-5ch)3]1/4. (29)

The inequality (tech'sC )c <tg or

14
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X>Xsc=1/[Ra-N-Sc5 Le-Sch-(1—Sch ] ”* (30)

defines the X co-ordinate that separates the MDC¢ and the MDCs. regimes in the figure
2(Db).

Scale analysis of the temperature field in the MDCs. regime. The equilibrium state
requires:

8, | oT o°T \Sch -8,

Ve o ~a— or [ vg———F
8 ) x oy 8

equation (29), the equilibrium temperature boundary layer thickness order of

magnitude is:

(Becnr )y, ~L-(Le-X-Sc). (31)

X T

JA—T ~ ag—;r . Using the equation (10) and the
T

3.3.2. MDC¢ Regime

The equilibrium between the horizontal diffusion and the vertical convection requires
2
Ve L D oc¢ or vg L Di . Replacing the equations (11) and (29), the
Ox 8y2 X 6%

equilibrium time and the concentration boundary layer thickness become:

(tech_c)c~L2/D/[Ra-N-Le-Sch(l—Js,c_h)]z/s; (32)

(ecnc ) ~L/Ra-N-Le-Schlt —vseh | *, (33)
while the vertical velocity scales as:

Ve~ [Ra-N-Sch-(1—sch | *(x /Le}/°. (34)

Scale analysis of the temperature field in the MDC¢ regime.

The equilibrium between the thermal horizontal diffusion and the vertical thermal

. . 8y | oT o%T VSch-8; AT AT
convection requires v¢| —|-—~o/—| or vi————~a—-. The
O ) Ox oy O X 5%
temperature boundary layer thickness scales as:
(35)

X.Le4 1/5
8 ~L '
( ech,T )C |:Ra'N Sch(l—\/ﬁ):|

The validity of the scale analysis requires the following set of conditions:

15
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if Ra-S -Sch? /[N3 Pr(1+ Pr)JZ 1, the imposed conditions: (Sech,T )T <<X, (6ech‘c )T <<x and

(5ech,5c )T <<x at X=Xg,leads us to the inequality: S <<+/Pr.

if Ra-S;-Sch? /lN3 Pr(1+Pr)J<1 , then the requirements: (Bech,T )T <<x for X=Xg,c;
(SQCh‘C )c <<X, (SBC}LT )C <<X, (68ch_5C )C <<x and (SECh‘T )SC <<x for X=X;. lead us to the

requirement: S. <<1/Le.

Further, the scale analysis results of section 3 will be verified using the finite
differences method for two particular parameters sets.

4. Numerical Modeling

The stream function formulation of the velocity field, U=-0¥/dX, V=0¥/dY, and
the vorticity definition, {=0V/dY-0U/dX, define the dimensionless form of the
governing equations

o*y a\y (36)
“lav? ax2
2 37
%+ %+V%=Pr- £+—C +Ra-Pr (69 N@_(p]; G7)
ot oY @ oX oY?  ox? oy oY
00 00 o0 9%0 0% (38)
—tU—+V—e—=—"ct—;
ot oY  oX oy? ox?
2 2 (39)
90,y g0 yg - L]0 0
ot oY X Le ayz oXx?

The boundary conditions take the following form:

40
‘P:a—lP:O,a—(p:—l,ezlatY:O; (40)
oY oY
alP_OQOechasYL (41)
oY
Y=0,(=0,0=¢=0 at X=0; (42)

oy o'y % & (43)

o0
== = =0 at X=H.

oX: oX® ox?  oX?
The conservation equations (36)—(39) with the boundary conditions (40)-(43) were
solved using the finite differences method. A software was built by Neagu (2018)
using a higher order hybrid scheme (Tennehill, Anderson & Pletcher, 1997) through

16
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an iterative process: at each time step, equation (36) was solved iteratively till the
relative error of ¥, at each point of the grid, became less than 10-6. The iterative
process stopped when the relative errors of 6, ¢ and { became less than 10-6 at each

grid point.
5. Results and Discussions
Two particular parameter sets are used to run the program explained above:

TheRa=5000,N=1,Le=1,Pr=0,72, S, =0.08 parameters set is the example chosen to

exemplify the Ra-S-Sch? /lPr(1+Pr).N3J21 case. The results of section 2 of this

analysis tell us that a HDC (heat driven convection) regime is present, at equilibrium,
along the vertical wall. Equation (24) indicates that the HDCc (6C/6X >S.) and the

HDCs. (6C/0X<S.) regimes are separated at the Xgr =232 abscissas. A

computational dimensionless domain of 0.6x6.0 was discretised uniformly using a
61x301 grid for a sufficient accuracy.

The results for this particular parameters set are present by Fig. 3. It shows the
temperature (Figure 3(a)), concentration (Figure 3(b)), stream function (Figure 3(c))
and oC/oX (Figure 3(d)) fields. The concentration field (Figure 3(b)) is not greater

than 1/N=1.0 and this is an indication that HDC regime is encountered along the
entire wall. The oC/dX field of Fig. 3(d) exceed 0.0 (oc/ox>s.)if X>1.8 avalue close
to the Xsr value indicated by equation (24).

0.8

o 02 04 06 08 0 02 04 06 08
(c) ¥ (d) ¥

Fig. 3. The dimensionless temperature (a), concentration (b), stream function (c) and

17
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op/ox (d) fields for Ra=5000, N=1, Le=1, Pr=0.72 and S. =0.08.

In the HDC¢ region, three sections present the temperature (Figure 4(a)), the
concentration (Figure 4(b)) and the vertical velocity (Figure 4(c)) plots for thre
abscissa: 0.5; 1.0 and 1.5. The scaled plots (Fig. 4(d)-Fig. 4(f)), realised using the
equations (16), (17) and (19), collapse indicating the validity of the scale analysis.

Similarly, in the HDCs. region three abscissa: 3, 4 and 5, are chosen and their
temperature (Figure 5(a)), concentration (Figure 5(b)) and vertical velocity (Figure
5(c)) plots are presented. Their scaled plots: (Figure 5(d), Figure 5(e) and Figure 5(f)),
are realised using the equations (16), (17) and (22). The figures 3, 4 and 5 prove the

validity of the scale analysis for the Ra-S, -Sch? /[Pr(l +Pr)- N3J2 1 case.

1 0.2 40
08 0.15 30
06
> = 0.1 = 20
04 X X X
0.05 10
0.2
0 0 0
0 02 04 06 0 02 04 08 0 02 04 06
(a) v (b) Y (c) v
1 15 0.8
08 06
;
06 5 N
@ X Pf.g X § 0.4 X
0.4 =y
02 0.2
0 0 0
0 2 4 6 0 2 4 6 0 2 4 6
(d) Y"(sech‘T)T (e) Y",(Bech C)T (f) YJf(aech T)T

Fig. 4. The (a) 6, (b) ¢ and (c) V variations as a function of Y and the scaled (d)

temperature, (e) concentration and (f) vertical velocity plots for the abscissa: 0.5, 1.0
and 1.5.
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Fig. 5. The (a) 6, (b) ¢ and (c) V variations as a function of Y and the scaled (d)
temperature, (e) concentration and (f) vertical velocity plots for the abscissa: 3, 4 and
5.

The parameters set: Ra=5000, N=5, Le=2, Pr=0,72, S, =0.04, is used to exemplify
the Ra-S¢ -Sch*/3 /[pr(1+Pr)-N3|<1 case.

Figure 2(b) indicates that we should encounter, at equilibrium, a heat driven
convection regime (HDCc) in the X <X, region, a MDC¢ regime in the [Xm,c —XS’C]
region and a MDCs. regime in the X > X region. Equation (20) indicates X, . =3.34
, while equation (30) indicates Xs.=7.73. A uniform grid of 61x451 points on a
domain of 0.6x9.0 was used.

The results of the numerical modeling are presented by Figure 6. The 0 (Figure 6(a)),
@/(1/N) (Figure 6(b)), ¥ (Figure 6(c)) and op/0X (Figure 6(d)) contour plots reveal
the following aspects: at the boundary, the concentration field exceeds 1/N=1/5 if
X>1.6, while dp/0X>0.0 at X>7.5; these values are close to the scale analysis

results. Each of the figures 7, 8 and 9 presents the plots and the scaled plots for three
sections performed in the three regime regions emphasized above: HDC¢, MDC¢ and
MDCsc.
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Fig. 6. The 0 (a), @/(1/N) (b), ¥ (c) and d¢/ox (d) fields for Ra=5000, N=5, Le=1,
Pr=0.72 and S. =0.04.

Figure 7(a), Figure 7(b) and Figure 7(c) presents the temperature, concentration and
the vertical velocity plots for the abscissa: 0.5, 1.0 and 1.5, while Figure 7(d), Figure
7(e) and Figure 7(f) presents their scaled plots using the equations (16), (17) and
(19).

Figure 8(a), Figure 8(b) and Figure 8(c) presents the temperature, concentration and
the vertical velocity plots in the sections made at the abscissa: 4.0, 5.0 and 6.0, while
Figures 8(d), (e) and (f) shows their scaled plots realised using the equation (33),
(34), (35).

Similarly, Figures 9(a), (b) and (c) shows the temperature, concentration and vertical
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Fig. 7. The (a) 0, (b) ¢ and (c) V variations as a function of Y and the scaled (d)
temperature, (e) concentration and (f) vertical velocity plots for the abscissa: 05, 1.0
and 1.5.
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Fig. 8. The (a) 6, (b) ¢ and (c) V variations as a function of Y and the scaled (d)
temperature, (e) concentration and (f) vertical velocity plots for the abscissa: 4.0, 5.0
and 6.0.

velocity plots for two abscissa: 8.0 and 9.0. Figure 9(d), Figure 9(e) and Figure 9(f)
shows their scaled plots realised using the equations (28), (29) ad (31).

1 80
0.2
0.8 60
0.6 0.15
= = > 40
0.4 X 01 X X
02 0.05 20
0 0 0
0 0.2 0.4 0.6 0 0.2 0.4 06 0 0.2 04 086
(a) Y (b) ¥ (c) Y
1 0.8
05
0.8 0.6
8 04
06 o Q
- D4 >03
0.4 X ;_f_;j’ X > X
: = 0.2
02
0.2 0.1
0 0 0
Q 1 2 0 1 2 0 1 2
(d) Yl(aach,T)SQ (e) Yl(ﬁach‘Sc)Sc (f) Y/(Sech_Sc)Sc

Fig. 9. The (a) 6, (b) ¢ and (c) V variations as a function of Y and the scaled (d)
temperature, (e) concentration and (f) vertical velocity plots for the abscissa: 8.0 and
9.0.

The collapse of the scaled plots of Figures 7, 8 and 9 proves the validity of the scaled
analysis results for the Ra-S; -Sch® /[Ng Pr(1+ Pr)J< 1 case.

6. Conclusions

The natural convection process developed in the boundary layer of a vertical plane
wall continues to be the subject of new discoveries. If the temperature and the heat
flux of a certain constituent are constant at the wall, then a constant temperature and
a linearly mass stratified environment (Pr<1, Le>1, Sch<1) imposes special
features on the natural convection process. Depending on the process parameters, we
can encounter:

a heat driven convection regime along the wall if Ra-S,. -Sch? /lN3 Pr(1+ Pr)JZ 1;

a succession of heat and mass driven convection regimes @ if
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Ra-S -Sch? /|N® Pr(1+Pr)<1.

This result is similar to the results found by previous scientific works:

for Pr<1, Le>1, Sch>1 case the coefficient that separates the two possibilities (HDC
and HDC-MDC) is Ra-S -Sch*/3 /|N* Pr(1 + Pr)|, (Neagu, 2021);

for Pr>1, Le>1 case, the coefficientis Ra-y*-S; -Le*/3 /N3, where y= 1—(1+Pr1/2 )71 ,
(Neagu, 2018).

These results open the gate for further scientific paths:

a closer analysis of the way in which the non-dimensionalisation process is realised
for these particular cases.

a closer analysis of the implications that these results could have on the stability
management of the natural convection process.
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Appendix

Nomenclature

C dimensional concentration of the dissolved species

D diffusion coefficient of the species

g gravitational acceleration

k thermal conductivity of the fluid

h height of the computational domain

H dimensionless height of the computational domain

HDC heat driven convection regime

L characteristic length

Le  Lewis number, (o/D)

my  constant mass flux at the wall

MDC mass driven convection regime

N buoyancy ratio, [8.(m,L/D)]/|B. (T, - T, )|

p the environment pressure

Pr Prandtl number, v/a

Ra  Rayleigh number, [gBt(TW ~T, 0 1 /owJ

Sc environment mass stratification parameter, (de,x /dx)

Sc non-dimensional mass stratification parameter, [sC /(mWL/D)]

Sch  Smith number, v/D

t dimensional time

ts time when the v-oC/ox term becomes dominant in the left hand side of Eq.
(5)

tir dimensional time when the transition to a mass driven convection regime
takes place

T dimensional temperature

Tw constant temperature at the wall

u,v  dimensional velocity components

U,V  dimensionless velocity components, uL./a, vL/a

x,y  dimensional Cartesian coordinates

X,Y  non-dimensional Cartesian coordinates, x /L, y /L

(e

value defined in a mass driven convection regime where 6C/dx>s.
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()sc value defined in a mass driven convection regime where 0C/ox<s¢

(h

value defined in a heat driven convection regime

Greek symbols
a thermal diffusivity
Br the coefficients of volumetric expansion with temperature, (~1/p)dp/aT),
Bc  the coefficients of volumetric expansion with concentration, (—1/p)dp/aC)p
I,  dimensional concentration gradient at the wall, (m,, /D)
boundary-layer thickness
S¢ boundary-layer thickness of the concentration field
¢ non-dimensional concentration of the dissolved species, |(C— Cw_x)/(me/D)J
% kinematic viscosity
0  non-dimensional temperature, [(T-T,)/(T, -T, )]
P fluid density
T non-dimensional time, r:ta/LZ
\ dimensional stream function
Y non-dimensional stream function, vy /a
¢ dimensionless vorticity
Subscripts
0 reference value
o0 condition at infinity
T related to the temperature field
ech equilibrium state
Sc the V-S. term is dominant in the left side of Eq. (5)
the V-0¢/0X term is dominant in the left hand side of Eq. (5)
% Related to the velocity field
X evaluated at abscissa x
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